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1. INTRODUCTION 
1.1 Main Results. Let H and K be subnormal subgroups of a group G 
and let J = (H, K) be the subgroup generated by H and K. In [I] Baer 
proved that if H and K are both finitely generated and nilpotent, then J is 
nilpotent and subnormal in G. In [23], Appendix D, Exercise 23, Zassenhaus 
gave an example to show that if H and K are merely Abelian then J need not 
be subnormal. P. Hall, in an unpublished example, has shown that J need not 
be subnormal in G even when H is an elementary Abelian 2-group and K 
is of order two. Hall has also shown that J need not be nilpotent when H is 
a nilpotent 2-group and K has order 2. We are concerned here with generali- 
zations both of Baer’s theorem and of the Hall-Zassenhaus examples. 
Let X be any class of groups. We say that X is coalescent if and only if 
in any group the join of a pair of subnormal X-subgroups is always a subnormal 
n-subgroup. For example Baer’s theorem says that the class of all finitely 
generated nilpotent groups is coalescent. We say that I is locally coalescent 
if and only if whenever H and K are subnormal X-subgroups of a group G 
then every finitely generated subgroup F of J = (H, K) is contained in 
some subnormal X-subgroup X of G with F < X < J. It is easy to see, 
since every subgroup of a nilpotent group is subnormal, that an equivalent 
way of expressing Baer’s theorem is to say that the class R of all nilpotent 
groups is locally coalescent. It is this form of the theorem which we shall 
generalize. 
We say that a class X of groups is subjunctme if and only if (i) subnormal 
subgroups of X-groups are again X-groups and (ii) in any group the product 
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of any pair of normal X-subgroups is in X. The class % obviously satisfies (i) 
and the theorem of Fitting [.5] says that % satisfies (ii). Hence VI is subjunctive. 
Baer’s theorem arises, therefore, as a special case of our main result. 
THEOREM A. Subjunctive classes are locally coalescent. 
As an obvious corollary we state our second result. 
THEOREM B. If X is subjunctive, then the class of all finitely generated 
X-groups is coalescent. 
Of course there are numerous other special cases. We mention just three. 
The most obviously subjunctive class is the class of all groups. Thus in any 
group the join of a pair of finitely generated subnormal subgroups is always 
subnormal. The class of all soluble groups is subjunctive so that the class of all 
Jinitely generated soluble groups is coalescent. The class mf of all groups 
satisfying the maximal condition for subgroups is subjunctive. Hence 
Theorem B includes the fundamental Wielandt-Hirsch-Plotkin-Baer theorem 
(cf. [2], [8], [IO], [12]) that 92: is coalescent. 
For a class X of groups we define the classes 
by G E J,$ if and only if G can be generated by its subnormal X-subgroups; 
G E L,$ if and only if every finitely generated subgroup of G is contained in 
some subnormal X-subgroup of G. It is obvious, whatever the class 3Z, that 
L& < J$. (1) 
Suppose that X is locally coalescent and that HI , Ha ,..., H, are finitely 
many subnormal X-subgroups of a group G. Let J = (HI, H, ,..., H,). A 
simple induction on n shows that if F is a finitely generated subgroup of J, 
then there exists a subnormal X-subgroup X of G with F < X < J. In 
particular, if G is generated by subnormal X-subgroups then every finitely 
generated subgroup of G, being contained in a subgroup such as J, is con- 
tained in some subnormal X-subgroup of G. Thus J,,X $ q$. With (1) this 
gives 
If X is locally coalescent, hen J,$ = i&X. 
Together with Theorem A, this gives our second corollary. 
THEOREM C. If X is subjunctive, then J,,X = L,,X. 
We mention just one special case of this result. Let G be the class of all 
soluble groups. Theorem C gives Jn6 = LOG. Rather less precisely we could 
say that any group generated by soluble subnormal subgroups is necessarily 
locally soluble. The corresponding result for J,,R-groups, proved by Baer in [I], 
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is usually proved (for example on p. 795 of [a) as a corollary of the Hirsch- 
Plotkin theorem [8], [9] that in any group the product of all the locally nilpotent 
normal subgroups is itself locally nilpotent. It is interesting to note that any 
attempt at a proof along similar lines for J,B-groups must be abortive. This 
is because the product of two locally soluble normal subgroups need not be 
locally soluble. This was shown by P. Hall, in an unpublished example, some 
years ago. A similar example may be found in [3]. 
A further point worth mentioning is that 6 is closed under the operation 
of taking subgroups. It follows easily that ~~6 has the same property. Since 
J,6 = ~~6 we may say that if a group is generated by subnormal soluble sub- 
groups, then so is every subgroup. 
1.2 A Further Result. Let H be a subgroup and X be a subset of a 
group G. We write Hx for the subgroup of G generated by all the conjugates 
HZ (x E X) of H under X. The normal closure series 
G = H,, D H1 D Hz D ... D H, D .a. 
of H in G is defined by H,, = G and H,+1 = HHi for i > 0. The subgroup H,, 
is called the nth normal closure of H in G. We shall often write H Q G to 
mean that H = H, . Thus H is a subnormal subgroup of G if and only if 
H qn G for some n 2 0. We shall also use HsnG to mean that H is a sub- 
normal subgroup of G. 
Theorem A depends upon a result on permutable subgroups which is of 
some independent interest. By definition subgroups Hand K are permutable 
if and only if HK = KH. Equivalently, Hand K are permutable if and only 
if HK is also a subgroup. We shall prove 
THEOREM D. Suppose L 6 HsnG and M < KsnG. If LM = ML, then 
there exists XsnG with LM 6 X < HK. The subgroup X may be chosen in the 
subjunctive closure of H and K. 
Obviously the intersection of subjunctive classes is subjunctive, so that of 
the subjunctive classes containing H and K there is a least. This is the sub- 
junctive closure of Hand K. 
Suppose that G is in the class ‘%R of all groups which satisfy the minimal 
condition for subnormal subgroups. The normal closure series of any sub- 
group T of G must become stationary after finitely many terms. The limit 
T* of this series might well be called the subnormal closure of T in G. Clearly, 
T = T* if and only if TsnG, and if T < S < G, then T < T* < S*. The 
subnormal subgroup X, whose existence is guaranteed by the theorem, con- 
tains the subgroup LM so that L*M* < (LM)* < X. If we take H = L* 
and K = M* we may conclude that L*M* = (LM)* = X. 
We state this as a corollary. 
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COROLLARY. Suppose G E XX and that L and M are subgroups of G. If 
LM = ML, then L*M* = (LM)*. 
We would remark that this was first proved by Wielandt, for finite groups 
G, as Satz 31 of [12]. 
1.3 An Example. We have already remarked that the class of all groups 
is locally coalescent but not coalescent. Of examples in the literature of a 
pair of subnormal subgroups whose join is not subnormal, there appear to 
be only two. The first is that of Zassenhaus cited above. This involves the 
join of two free Abelian subnormal subgroups, both of infinite rank. The 
second was given by Robinson in paragraph 6 of [ZZ]. The pair of subnormals 
there involved are both infinite elementary Abelian 2-groups. Neither of these 
shows as much as the examples, mentioned above, due to P. Hall. J. S. Roffe 
has extended Hall’s construction to yield another unpublished example. 
Roffe’s example involves, for an arbitrary odd prime p, an infinite elementary 
Abelian p-group and a cyclic group of order p. 
We have thought it worthwhile to exhibit a construction which gives, for 
various choices of the ring S involved, groups which have all the attributes 
of those mentioned but which has the advantage of being rather simpler to 
express. 
THEOREM E. Let S be a non-trivial commutative ring with a 1. If A is an 
S-module of injkite dimension over S and C is the additive subgroup of S 
generated by 1, then there exists a group G containing subnormal subgroups 
H and K, isomorphic with A and C respectively, which generate a proper self- 
normalizing subgroup J. 
The subgroup J here is a group of automorphisms of a two-dimensional 
space V over the Grassmannianl R generated by A over S. Identifying V 
with its group of translations, the group ‘G of the theorem is the natural 
split extension of V by J. Thus G appears as a subgroup of the afline group 
on V and may therefore be written as a group of 3 x 3 matrices over R. 
We remark that the subgroup VH is nilpotent of class 2 and subnormal 
in G. The group G is therefore the join of a nilpotent subnormal subgroup 
VH and a cyclic subnormal subgroup K but fails to be nilpotent since J 
is self-normalizing. However Jis nilpotent so that G is soluble We know of no 
example of a pair of nilpotent subnormal subgroups which fail to generate a 
soluble subgroup and we leave this question open. 
1.4 A Further Example. For a class X we write, following Hall [A, 
X = N& to mean that in any group the product of any pair of normal X-sub- 
‘See, for example, Chevalley([4, p. 1701). 
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groups is in X. We say that 3E is &,-closed if and only if X = N&. If, in the 
hypotheses of Theorems A to C, we replace the subjunctive classes by classes 
X which are required merely to be iv,,-closed then the conclusions are no longer 
valid. This will be shown by considering an example due to Mr. R. Dark, 
whose permission to use it here we gratefully acknowledge. We shall prove 
THEOREM F. There exists a class X = NJ < 6 which is not coalescent. 
Here 6 stands for the class of all finitely generated groups. Recalling that 
6 is itself coalescent by Theorem B, the present theorem guarantees the 
existence of a group G which is not in X but which is generated by a pair of 
subnormal X-subgroups. Since G is finitely generated and since the class 
6 n LJ obviously coincides with 6 n X, it is clear that G$ A,$. However 
G E J,$ obviously. Thus Theorem F shows that the operations J,, and r, 
need not coincide on N,-closed classes, whereas Theorem C states that J, and 
L, do coincide on subjunctive classes. 
2. PROOFS OF THEOREMS A AND D 
2.1 Basic Lemmas. We need two known results. 
LEMMA 1. Suppose H < G, K < G and HK = H. If H, is the nth normal 
closure of H in G, then HnK = H+, . 
This is proved easily by induction on n. It was used by Wielandt in [I21 
to show that a pair H, K of subnormal subgroups of a group G generate 
a subnormal subgroup of G whenever K normalizes H. It is a slight extension 
of this result that we shall need. 
LEMMA 2. Suppose HsnG, KsnG and J = (H, K). If HK = KH, then 
JsnG. 
This is proved by induction on n, where H dn J. The details may be 
found, for example, in [II]. 
2.2 The Permutizer. It is of course not always the case that two 
subnormal subgroups are permutable. However if H and K are any subgroups 
of a group there is always a unique largest subgroup of H which does permute 
with K. For, if P = (L 1 L < Hand LK = KL), it is trivial to show that 
PK = KP. 
We define the permutizer, P,(K), of K in H to be this largest subgroup P 
of H which permutes with K. Obviously P contains the normalizer N of K 
in H. However P is a much more satisfactory subgroup to consider than N, 
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since N cannot be guaranteed to be subnormal even when H and K are 
subnormal, whereas P can. This we establish in 
LEMMA 3. If HsnG and KsnG, then P,(K)snG. 
Proof. Suppose H qn G and let P = P,(K). We prove the lemma by 
induction on n. If n = 1, then H Q G so that P = H and there is nothing to 
prove. We suppose therefore that n is greater than 1 and assume the obvious 
inductive hypothesis. 
Let Hl = HG and let Kl = K n (P”). Then Kl CI K and hence KpG. 
But Kl < H,; therefore K,snH, . Since H an-l Hl , the induction allows us 
to assume that the permutizer Pl of Kl in H is subnormal in Hl . 
Let Q = P,K, . Since both Pl and Kl are subnormal in G, Lemma 2 shows 
that QsnG. 
However PK = KP so that PK = P(K n (P”)) = PK, . Hence P per- 
mutes with Kl and therefore P < Pl . It follows that PK < Q. If Q am G, 
then the mth normal closure X of PK in G is also contained in Q. By Lemma 1, 
X is normalized by K. Hence XK = KX. But 
K,<PK<X<Q=PIKl 
and this shows that X = (Pl n X) Kl . Hence, and since Kl < K, the 
subgroup XK equals (Pl n X) K. It follows that Pl n X permutes with K. 
Therefore Pl n X < P. Now P < Pl and P < PK < X, so that P < Pl n X. 
Hence P = Pl n X. 
As an mth normal closure, X is subnormal in G; and Pl , as a subnormal 
subgroup of the normal subgroup Hl of G, is also subnormal in G. Thus 
PsnG, as required. 
2.3 Proof of Theorem D. We need one more preliminary result. It is 
probably well known but we have not been able to trace any documentary 
evidence that this is so. We therefore include a proof. 
LEMMA 4. Suppose HsnG, KsnG and J = (H, K). If HK = KH, then J 
is in the subjunctive closure X of H and K. 
Proof. Suppose H Q” J and K qm J. If both n and m equal 1 then J 
is the product of two normal %subgroups and is therefore in I. We suppose 
therefore that n and m do not both equal 1 and proceed by induction on 
n + m. We may of course suppose that n > 1. Let Hl = H-’ = H(K n HI). 
Since K 4” J it follows that K n Hl am Hl . Moreover H an-l Hl so 
the induction allows us to infer that Hl is in the subjunctivl closure 9 of H 
and K n Hl . But K n Hl CI K so that K n Hl is in X. Therefore 9 < 3Z 
and Hl is in 3E. Now J = H,K and Hl Q J. Since 1 + m < n + m the induc- 
tion gives J E 3E. 
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All is prepared for Theorem D. We are concerned with a subjunctive class 
X, a pair H, K of subnormal X-subgroups of a group G and subgroups L, M 
of H, K, respectively, such that LM = ML. We need to prove the existence 
of a subnormal X-subgroup X of G with LM < X < HK. 
Let J = (H, K) and suppose that H qn J. If n = 1 then J = HK and by 
Lemmas 2 and 4, J is a subnormal X-subgroup of G and will do for X. We 
suppose that n > 1 and argue by induction on n. Let HI = HJ and 
Kl = K r\ HI . Since Kl Q K we have Kl a subnormal X-subgroup of G. 
Since H dn-l HI the induction allows us to infer the existence of a subnormal 
X-subgroup X1 of G with 
(LM)nH,=L(MnH,)<X,<HK,. 
NowLM = L(M n (LM)) < L(M n HI) < Xi andLM is normalized by M. 
Let Q be a member of the normal closure series of LM in G which is contained 
in X, . Lemma 1 shows that M normalizes Q and therefore M is contained in 
the permutizer P of Q in K. We set X = QP. This clearly contains LM and is 
contained in X,P. But X,P < HK,P < HK so that LM < X < HK. 
Moreover QsnG and Q is contained in the fi-subgroup X1 . Hence Q is a 
subnormal X-subgroup of G. Lemma 3 shows that PsnG, and since P < K 
it follows that P is in X. That X is also a subnormal X-subgroup of G now 
follows from Lemmas 2 and 4. 
2.4 The Link Lemma. For elements x and y of a group G, we write 
[x, y] for the commutator x-iy-1~ of x and y. For subsets X and Y of G 
we write [X, Y] for the subgroup generated by all the commutators [x, y] 
with x in X and y in Y. 
Let M be a subgroup of G generated by the subset X. For a subgroup L 
of G we define L, = L and L,+l = [.Li , X] for i > 0. It is easy to see, and in 
fact .was proved by Hall in [6], that L, M = L,(LIM). It follows trivially by 
induction that 
LM = L@L, *‘* L,(Lf+,) (1) 
for all n > 0. 
Now it is clear that QQr = (Q, Qx) for any subgroup Q of G. Writing X” 
for the subset of G comprising all elements of the form xixa *a* x, with 
xi E X, (1 < i < n), it is simple to prove by induction that 
for all n 2 0. 
L(n) =-GA I-* L, = (L, LX,..., LX”> (2) 
Equations (1) and (2) together show that 
LM = L(n) GL) 
for all n > 0. 
(3) 
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With these remarks we may prove the link connecting Theorem A with 
Theorem D. 
LEMMA 5. Suppose T = (L, M) and that M < NsnT. If M is jinitely 
generated, then T = L*N, where L* is generated by finitely many conjugates 
of L under M. 
Proof. Suppose that M is generated by the finite subset X’ of T and that 
N dn+l T. It is easy to see that for each r, the subgroup L, is contained in the 
rth normal closure of M in T. Since N a”+l T, this shows that L,,, < N and 
therefore that LM n+l < N. Since T = (L”) M, equation (3) shows that 
T = L(n)N. The proof is completed by putting L* = L(n). This is of the 
required form since X is finite. 
2.5 Proof of Theorem A. To deduce Theorem A from Theorem D is 
now a simple matter. Let 3 be a subjunctive class and suppose that Hand K 
are subnormal n-subgroups of a group G. Suppose that J = (H, K) and that 
H Q J. Let L and M be finitely generated subgroups of H and K, respec- 
tively, and let T = (L, M). Since every finitely generated subgroup of J 
is contained in one like T, it is sufficient to establish the existence of a sub- 
normal X-subgroup X of G with T < X < J. 
This we do by induction on n. If n = 1, then H 4 J and, by Lemmas 2 and 
4, we may take J for X. We suppose n > 1 and assume the usual inductive 
hypothesis. 
Let N = K n T. Since KsnG, it follows that NsnT. Moreover M < N 
and M is finitely generated. Lemma 5 shows that 
T = L*N, (4) 
where L* = (L”1, L’s ,..., L”t) for suitable x, , xa ,..., xt in M. Let 
H* = (H’l, HQ,..., H’t) and Hl = HJ. Now H CF Hl CI J so that, for 
each i, Hzc dn-l H*. Our induction allows us to prove easily, by a second 
induction on s, that there is a subnormal X-subgroup X8 of G with 
(L21,..., Lzg) < X, < (Hq,..., H=*), (1 < s Q t). 
Let X* = X, , then L* < X* < H*. But (4) says that N and L* permute. 
Theorem D, with L* for L, N for M and X* for H, now shows that there is a 
subnormal X-subgroup X of G with 
L*N < X < X*K. 
The result follows. 
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3. EXAMPLES 
3.1 Proof of Theorem E. Let S be a nontrivial commutative ring with 
a 1, and suppose that C is the additive subgroup of S generated by 1. Let A 
be an S-module of infinite dimension over S. We must construct a group G 
with subnormal subgroups Hand K, isomorphic with A and C, respectively, 
which generate a proper self-normalizing subgroup J. 
Let R be the Grassmannian generated by A over S. Then 
a2 = 0 0) 
for all a in A, and for x in R 
XA = 0 if and only if x = 0. (2) 
We construct first the group J. This is to be a group of 2 x 2 matrices 
over R, generated by subgroups Hand K. The group K is to be generated by 
and H is to consist of all the matrices of the form 
&da) =(i 7) (a E 4 
It is easy to see that H is a group isomorphic with A and that K is isomorphic 
with C. We show first 
LEMMA 6. If J = (H, K), then both HJ and KJ are nilpotent of class 2. 
Proof. For integral n and for x in R we write 
and 
S(x) = ( l ; x 1 y x) .
Obviously 6(x) commutes with 8 whatever element x is of R; but if c is in A, 
S(x) commutes with A,-,(c) if and only if cx = xc. However if a and b are both 
in A then (a + b)2 - a2 - b2 = 0, from (l), so that 
ab + ba = 0 (a, b E A). (3) 
It follows immediately that abc = cub for all a, b and c in A. Hence for all 
a, b and c in A, 
w4 commutes with b(c) and with 6. (4) 
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A simple calculation shows that [-‘/\,(a) [ = /\,+,(a) for all integers n, 
so that H* = HJ is generated by all the matrices /\,(a). Moreover, using (1) 
and (3), it is easy to see that 
[L(b), L(41 = vl3(Q L-&)I~” = @Km - n12 awn. 
It follows from (4) that [A,‘(b), A,(a)] = S((nz - n)z ub) and lies in the centre 
of J. Therefore H* is nilpotent of class 2. 
To see that K* = A? is nilpotent of class 2, we write 
and 
6-w = Ma a 
for all a in A. A simple calculation, using (l), shows that 
(6) 
and 5(a) = (iu 3 . 
Equation (3) shows that for a and b in A the matrices q(a) and c(b) com- 
mute. Since K* is generated by all the ~(a) with a in A, this shows that ((a) 
is in the centre 2 of K*. (5) and (6) now show that [K*, K] < 2. However 
2 is normal in J and K* = KJ, so that the derived subgroup of K* is con- 
tained in 2. Hence K* is nilpotent of class 2, as required. 
The group J acts in an obvious way on the direct sum V of two copies of R. 
Thus if (x, JJ) is in V then 
and 
(~,y)~~(‘) = (x, y + xa) (7) 
(%YY = (x +r739* (f-9 
If we identify V with its group of translations, we may define G to be the 
natural split extension of V by J. Thus 
G = VJ with V-aG and VnJ=l. (9) 
Let V, be the subgroup of V comprising all the elements (x, 0), (X E R), 
and V, the subgroup comprising all the elements (0, x), (s E R). It follows 
from (2) and (7) that the centralizer C,(H) of H in V is precisely V, . Thus 
C,(H) = V, . (10) 
Similarly, from (8), 
C”(K) = v, . (11) 
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It is easy to see that [V, H] < V, so that (10) gives [V, H, H] = 1. The 
subgroup VH is therefore nilpotent of class 2. Hence H d2 VH. But Lem- 
ma 6, together with (9). shows that VH a2 V(HJ) Q G. It follows that 
H a6 G. Similarly K a5 G. Thus H and K are certainly subnormal sub- 
groups of G. 
To complete the proof of Theorem E we must show that J is self-normal- 
izing. This will be so if the normalizer of J in V is trivial. However from (9) 
the normalizer of J in V must coincide with the centralizer C,(j). But 
C,(J) = C,(H) n C,(K), and by (10) and (11) this intersection is trivial. 
3.2 As we pointed out in the introduction, the group of Theorem E 
is generated by K and VH. We have seen that VH a3 G and that VH is 
nilpotent. It is perhaps worth noticing that we cannot hope for an example 
of a non-nilpotent group Q which is the join of a finitely generated nilpotent 
subnormal and a nilpotent subgroup X with X a”Q. For suppose 
Q = <X, Y> with X and Y both nilpotent, Y finitely generated and sub- 
normal and X a2 Q. Lemma 5 shows that Q = X*Y, with X* generated by 
finitely many conjugates of X under Y. Let Xi = XQ. Since X Q X1 Q Q, 
all the conjugates of X are normal in X1 . Hence by Fitting’s theorem, X* 
is nilpotent. Obviously X* Q Xi , so that X* @Q. Since the class of 
nilpotent groups is subjunctive, Lemma 4 shows that Q is nilpotent. 
3.3 Proof of Theorem F. We have to show that there exists a class 
3E = N,,X < 8 which is not coalescent. We mentioned in the introduction 
that for such a class 3E there must exist a group G generated by two subnormal 
X-subgroups H and K which is not in 3E. It is convenient to construct a 
group G and subgroups H and K first and then to define X. 
Let Q be the additive group of dyadic rationals. Thus Q comprises all the 
rational numbers of the form ?~/2~ with n an integer and R a nonnegative 
integer. Let D = Qi + Qa be the direct sum of two copies of Q. This group 
has an automorphism OL defined by 
6” = 2s (6 E 9, 
and an automorphism B defined by 
(% rY = (x, x + Y) ((xs Y) E W 
Let A be the subgroup of the automorphism group of D generated by a 
and /3. 
We define the group G to be the natural split extension of D by A. Thus 
G=DA, DqG and DnA=l. 
We take H to be the subgroup D(a) and K to be the cyclic subgroup 
generated by p. We define 
X = NO{H, Kl, 
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the +closure of H and K. This X is the intersection of all the +,-closed 
classes containing H and K. Obviously, X = NJ. Moreover K is cyclic and 
H can be generated by the three elements (1, 0), (0, 1) and 0~. Hence H and K 
are both in 6. But 6 = N&S so that X < 8. Now ar and /3 commute so that 
H Q G. Equation (1) shows that [D, K] < Qa and that [Qa , K] = 1. Hence 
K 4 P. But A is Abelian so that P = KRD = KG. Thus K 4a G. 
Obviously then G is generated by the subnormal X-subgroups H and K. 
To prove Theorem F we must show that G does not belong to X. 
Let Sp be the class of all polycyclic groups. We recall that a group is 
polycyclic if and only if it is soluble and satisfies the maximal condition 
for subgroups. Obviously G does not belong to p, nor is it contained in H. 
Theorem F will therefore follow from 
LEMMA 7. If X is an X-subgroup of G, then either X < H or else X E v. 
We show first 
LEMMA 8. If Y is a subgroup of G isomorphic with H, then Y < H and 
] H : Y 1 isfinite. 
Writing u’ for the derived subgroup [U, U] of a group U, it is easy to see 
that G’ = H’ = D. If YE H, then Y’s D and Y’ < D. Since H = D(W), 
it follows that Y is generated by Y’ and an element 01* such that y* = 2y 
for ally in Y’. Let a* = 8&P with 6 in D and n and m integral. Since Y’ 
is isomorphic with D, it cannot be contained in Qa . Let (x, y) be in Y’ with 
x+0. Now 
(x, Y)&~P” = (x, y>““fi” = (2%, m 2”~ + 2”y), (2) 
and this must equal (2x, 2~). Since D is torsion-free and x is nonzero, the 
only possibility is that n = 1 and m = 0. Hence (Y* = Sol. It follows that 
Y = Y’(,*) < D(u*) = D(a) = H. 
Now H/D is infinite cyclic and Y < D since Y G H. Hence 1 H : YD / 
is finite. Moreover Y n D contains Y’ which is isomorphic with D. The only 
.subgroups of D which are isomorphic with it are of finite index. Hence 
] D : Y A D 1 = I YD : Y I is finite. It follows that I H : Y / is also finite. 
‘This completes the proof of Lemma 8. 
Now let the class 3, consist of all groups which are either of order 1 or 
else isomorphic with H or K. For n > 0 we define f+r to be the class of all 
groups which are the product of two normal 3&-subgroups. It is trivial to 
verify that X = u:& ,, X . We prove Lemma 7 by showing inductively that 
,any X,+ubgroup of G is either contained in H or else is in ‘$3. Lemma 8 
shows this to be true for n = 0, since K is cyclic. We suppose that n > 0 
and that the statement is true for n - 1. 
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Let X be an X,-subgroup of G and suppose that X 4 ‘p and that X 4 H. 
We show that this leads to a contradiction. 
Now X = UV for some normal &,-,-subgroups U and V of X. Since ‘p 
itself is N,-,-closed, not both U and V can be in $J. Suppose that V is not in 9. 
By induction it follows that V < H. It is also easy to see, since V 4 9, that V 
must contain a subgroup isomorphic with H. By Lemma 8 the index 1 H : V 1 
is finite. Let W = Q1 n V; then 
1 Q1 : W 1 is finite. (3) 
Since V < Hand X $ H, it is clear that U 4 H. By the induction U E p. 
Since U Q X, we have 
[W VI E % (4) 
Let u be in U but not in H. Then u = &x*p with 8 E D, n and m integral 
and m nonxero. Equations (2) with y = 0 show that the centralizer of u in W 
is trivial. Therefore the homomorphism w -+ [w, U] (w E W) of W into 
[W, VJ is actually an isomorphism. It follows from (4) that W E $J and then 
from (3) that Q1 E Sp. This is a manifest absurdity. 
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